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FOREWORD 

This report, OSURF Report Number 2183-3, was prepared by 
The ElectroSclence Laboratory,  Department of Electrical  Engineering, 
The Ohio State University M Columbus, Ohio.    Research was  conducted 
under Contract AF 19(628)-5929.    Dr. John K.  Schindler, CRDG of the 
Air Force Cambridge Research Laboratories at Bedford, Massachusetts 
was the Program Monitor for this research. 
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ABSTRACT 

The» Pauli and the Oberhettlnger asymptotic expansions for tlic 
diffracted field produced by the scattering of a piano wave by a 
wedge are compared analytically and numerically, and their range of 
application is extended. 

The Pauli-Clemmow method of steepest descents is used to evaluate 
Sommerfeld's complex integral expression for the total field produced 
by the scattering of a plane electromagnetic wave by a perfectly 
conducting wedge.    This method is applied in a manner somewhat different 
from that employed by Pauli and yields an asymptotic expansion which 
is simpler in form and of wider applicability than Pauli*s original 
expression.    This generalized form of Pauli*s expansion can, for 
example, be applied to the computation of  the  fields diffracted by 
wedges which have exterior angles less  than 180 degrees.    It is shown 
that simply by rearranging the terms in this generalized Pauli ex- 
pansion a generalized form of Oberhettingcr's asymptotic expansion 
can be produced.    This generalized expansion is applicable to problems 
involving wedges having exterior angles less than 180 degrees, and it is 
comparable with Obcrhettinger's original series when the wedge an^le is 
greater than this value. 

Several examples of the scattering of a plane wave by a wedge are 
studied numerically.    The superiority of  the generalized Pauli asymptotic 
expression over previously derived asymptotic expressions is demonstrated 
In these numerical examples. 

These asymptotic expressions are used to obtain scalar diffraction 
coefficients which arc valid in the transition regions at the shadow 
and reflection boundaries. 

ill 
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CHAPTKR  I 

IHTHODUCTION 

This chapter contains a statement of the problem 

coneidcrod  in the report,   the motivation for considering 

the problem,  a summary of the contents,  and a brief survey 

of the literature on vrodce diffraction. 

The Problem 

Let a plane time-harnünic cloctroinaßnctic wave of 

arbitrary polarisation be incident on a perfectly conducting, 

infinite, two-dimcncicnal wedgej the situation is depicted 

In Tiguro 1.  The field is propagating in frers space, and 

Jis propagation vector k is perpendicular to the edge of 

tho Nvcdge.  When this wave strikes the wedge, it is scattered. 

The sum cf the incident field and scattered fiele', is called 

the total field.  This total field can be broken down into 

two linearly polarised fields, one having its electric 

vector parallel to the edge of the v/ed^e and the other 

having its magnetic vector parallel to thie edge.  These 

two polarization cOT.ponents can be studied individually. 

An exact mathervitical cxpreusion, called Gp in this 

work, has bec-n developed to der.ci ibe thc^c polnrisr.tion 

1 
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PIAA'£ WAVE  V 

I ^ J—V 7 7 7 7 

Figure 1.     A plane  clectrom^nctic wave  incident 
on a perfectly conducting v/edgo of exterior v/cdec angled • 
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ooBi)>onoiito, And this ctm bo written in a variety of fonno. 

Pocsibly   the »Obt familiar  of thece ic the infinite eigen- 

function  series of products of Besoel and  trif.cnonetric 

functionc.     If Op io to be evaluated at points which are 

* large  number of wavelengths fron the edge of the wed^e, 

then it is convenient and,   in fact, necessary to wrxtc  it 

in the  form of an asymptotic expression in the variable kr, 

where k la the propanation constant and r is the perpendicular 

distance   from the edge  to the  field ;>oint. 

There are two auch apyr.ptotic  expressions which ore 

commonly used to compute 0    in such caces.    One of these 

was derived by Pauli;    the other,  by Oborhettinker«       Pauli*s 

expression is written as a Presnel integral plus an  infinite 

•erics of confluent hyperccometric  functions«    Obcrhettiller's 

expression contains a Precnel  intefinl and an infinite 

aeries of terms of the  fore 

Ckr)     , 
• 

»here N io an integer« One purpose of this v.orh is to 

Investigate the relation between thewe two series«  Arc 

they, for instance, actually the same series written in 

different forms? Another purpose is to determine which of 

these series in superior for computational purposes« 



Each  of thct.c  ocrico cuffcrc  froia certain inadequacies. 

Some  of these arc  listed bclov/, 

a) Koth series arc restricted  to ft implications where  the 

exterior v/ed^e  anplo ri is greater than l80 decrees. 

b) The Pauli  series cannot be  applied to all situations 

even when ci is crater  than l80 decrees.    For example, 

If oi is close  to but creator than ISO decrees and the 

propacation vector 1: in nearly parallel to one of the 

faces of the  v/edce,   the  Pauli aeries will  not describe 

Op accurately  in the vicinity of the  other face. 

c) The Pauli series is written in  terns  of the relatively 

unfamiliar confluent hypergconetrie  functions. 

In this work,   these series are  rc-cxoTinodf and ihese 

inadequaci'sn are in part rcnoved. 

The Motivation 
3 

The ßcometrical theory of diffraction    provides a 

simple method  for calculatinc the fields  produced by the 

ecattcrinc of hißh  frequency electronacnctic v/aves by 

perfectly conductinc bodies of quite gMMMl shape.    This 

theory is particularly  useful  for describinc the scattering; 

by cd^ec of borücc,   such as  the curved cdje of a circular 

h 5 dick,     the etirv'J  edge of a parabolic antenna,     the straight 

edge of a horn antenna,    or the straicht  edec of a polygonal 

cylinder. 

• 
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In the geometrical theory of diffraction, the deccrip- 

tion of diffraction from edecs is treated in the following 

way. AB  in the theory of geometrical optics, the field 

incident on the edge is assumed to propagate along ray 

paths.  Upon striking an edge, the incident ray is 

scattered, giving rise to a family of diffracted rays. 

The direction of propagation of these diffracted rays is 

determined by the generalized Fermat's principal. The 

distribution of the incident energy among these diffracted 

rays is described by a diffraction coefficient. The 

diffraction of the incident rays is a local phenomenon, 

so the diffraction coefficient depends on the geometry 

of the edge in the region surrounding the point of diffrac- 

tion and on the local polarization state of the incident 

field. 

The exact form of the diffraction coefficient must be 

derived from the rigorous solution of a "canonical" problem. 

The canonical problem, which yields the diffraction 

coefficient for an edge, is the diffraction of a linearly 

polarized plane wave by a two-dimensional, infinite wedge. 
o 

The diffraction coefficient is found from ßommerfeld's 

anymptotic, high frequency solution to this problem. 

This edge diffraction cocfficJont adequately describes 

the diffracted field at points well ror.oved from the point 

mtm 



of diffraction and tranr-ition rccions, that ie, she low and 

reflection boundaricc.  In these transition recionc, however, 

the diffraction coefficient fails to describe the field and, 

the geometrical theory must be supplemented by a more cophis- 

ticated equation.  The equations nornaliy employed are 

the asymptotic expansions of the wedge diffracted field 

given by Pauli and by Obcrhetlinccr. 

When applying these formulas to practical geometrical 

theory of diffraction computationc a number of questions 

naturally arise.  Which formula is superior from the 

conputational point of view, or which asymptotic expansion 

will provide the best description of the fio]d in the 

transition region with the minimum amount of computational 

effort? What is the smallest value of kr for which these 

formulas arc useful? Since the expressions are asymptotic 

scries, what is the effect of higher order terms? This 

study was motivated by practical computational questions 

of thie nature as well as by the desire to extend the 

useful range of Pauli and Oberhottinger asymptotic 

expressions and to determine the relation bctv/een thcr.t 

The starting point of this work is the eigenfunction 

series form of the Greenfü function for a line source 

radiating in the vicinity of an infinite, two-dimensioiml 
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7 
wedtfe«  After a brief diccucsion of thic exprecsion, it ie 

oscumed that the line ßource recedes to infinity, and this 

ßolxition in  reduced to that for the ccatterin^ of a plane 

t/Ave. The resulting infinite eerics is then eummed in 

closed form and written as a complex contour integral. 

This intec^al is identical v/ith the an sat a first deduced 

by Sowncrfold.  This complex, intecral expression for G- 

ic then rewritten in n slightly different but more convenient 

forn, and distribution of the saddle points and poles of 

the integrand of the reoulting exprcrcion is studied. 

The integral expression is then evaluated by the ordinary 

oethod of steepest descents, and then by a nodiiicaticn of 

this method.  This modified method of steepest descents ras 

first used by Pauli in the derivation of his asymptotic 

series for Gp, The method is used here in a sopjewhat differ- 

ent manner to yield an expression for Gp which is both 

oinpler and more General than Pauli's expression.  The 

expression derived in this work consists of an infinite 

eerics of functionc.  Each function is the sum of a Fresnol 

Integral and a finite number of terms of the form 

-H 

It is next demonstrated that for certain cases the 

expression for Gp deveüopcd in this work can be reduced 



to the one derived by Pauli. The cases for which this reduction is 

not possible are just those to which the Pauli expression does not 

apply. 

The relation between the expression for G developed in this 

work and that developed by Oberhettingcr is investigated. It is 

shown that for cases where oC is greater than 180 degrees they are 

the same series written in a different form. In Chapter IV several 

examples of scattering of a plane wave by a wedge are studied numeri- 

cally, and some conclusions regarding the relative merit of the vari- 

ous solutions presented in Chapter III are drawn from the results. 

In Chapter V the asymptotic solutions are used to obtain expressions 

for the diffraction coefficients. 

Literature Survey 

The problem of diffraction of electromagnetic waves by a wedge 

has been the subject of numerous theoretical and experimental studies. 

An extensiv^ list of many of the papers is given in the bibliography. 

9 
Sommerfeld was the first to develop a rigorous solution for the dif- 

fraction of a plane wave by a perfectly conducting half-plane. He used 

M extension of image theory to deduce an integral solution for this 

problem and showed that his solution reduced to the Fresnel integral. A 

10 
similar solution was derived by Carslaw,  who used image theory, and by 

■__ 
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Poincnrc, "    v/Jio reduced  the diffraction problem to one of 

12    15 oplvinc an intc-cral equation.    Macdon&ld,     *    # using the 

claDeical aothods of ceparation of variables,  v;as  the  first 

to obtain the complete solution to the problen of diffraction 

of plane,  cylindrical,  and cphoricnl waves by a perfectly 

conductinc wed^c of arbitrary an^lc.    Macdonald's solution 

is in the form of an  infinite cerics but has been written 

In i'ntecral  form by  means of an integral  trar.sfornaticn 
■ 

relating the  ordinary and modified Beesel   functions. 
o 

Sommerfeld    employed  his  extension of  the method  of imoßos 

to derive an  integral expression  for the diffrection of 

a plane wave  by a perfectly  conducting wedge  of arbitrary 

1*» 15 angle«     Carslaw      and Bromv.ich      also constructed  solutions 

to this problcn using the  method  of i:r,ages.     Obcrhettingor 

used an integral  transform method to derive another integral 

expression for the  diffraction of plane,   cylindrical,  and 

spherical waves by a perfectly conducting wedge of arbitrary 

angle.    Kontorovich  and  Lebcdcv      and  Karp      have  developed 

the solution  for a  half-plnne using transform methods. 

The Wiener-Hopf method hac been applied  to  thin problem 

by Harrington, 9 Copoon,       and Magnus. RecenUy Nomura,22 

ficnior,  * and Heins       have studied the diffractior. of a di- 

polo   field by a perfectly conducting half-p3ane.     The 

colution  for the diffraction  of pulwes by wedges has been 

examined by Obi-rhcttingor,25 Krcidlander,       and otherr..27»  I*1 

.     _a 
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The problcns of diffraction by imperfectly conducting 

vcAc00*  dielectric v/edcen,   and wedcee havinc nixed boundary 

conditionc have been  treated  in recent ycarc.     * Senior 

hac developed an exact tolution  for the imperfectly  ccnductinc 

half-plane    ' and richt-angled v.edce.  '    Appro.dnate  eolutione 

M to this problem have been  found, by  Jonec and Tidduck, 

l»S UC    ii7 UP, 
Foloen,  ^ Viilliano,     •     ' and Ualyuzinec.        Diffracti on 

froin unidirectional conductinc half-plancn has been studied 

50 51 52    53 by Rudlov;,       Hurd,      and Sechadri,     *  ^^ and the  probleras 

of diffraction by v/cdccc imncrcod  in conducting and aniüotro^ic 
rjh    57 55 ncdia have been investigated by Dmitriev»     '        Juli,  ^ 

56 57 
Willians,       and Sechadri. The diffraction of surface 

waves by riG^-^tll6^ wedces v/ac  treated by Karp and 

,  58-63 ni . „ .,      6'i-67      ,    _        68-70 Karal, Chu and Kouyounjinn, and others. 

Diffraction of waves by v/edyes with various hinds of exotic 

71-75 boundary  if/.pedanceo have been examined  by Karp, 

Felcen/       ' and others.       y 

Äic results of some of the theoretical invcotic^tions 

of vicdec diffraction have besn applied to the calculation 

91    9^ of horn and surface wave antenna pnttcrnS|    * to studies 

93 of ccatterin^  froia terrain   features,      and objects  posr.ecsin(j 
7,   0/1    05 

cd(;cs, *   " and  to the  problcns of diffraction  fro:n thick 

ccrcens,       irregular edcon, and various double wedpc 

99    100 conficurationo.     * A number  of exporJmcntal studies 

have been r.ado to verify the prediclionc ef v;cd(:e diffraction 

!» 10i-30C theory. 

^ 
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Aßywptotic  forms of the colution  for the diffraction 

of a piano wave  by a  perfectly conducting wedge have been 

9 1 107 derived and studied  by Sonrrerfcld,     Pauli,     Clemmon, 

Y/in der Waerden, and Oberhettinger.       Sonmerfcld 

^ltc^ptcd to derive  an asymptotic expression  for his integral 

f.olution of this problem.     However,  his result  failed  to 

predict the correct value  for the field near the shadew and 

reflection boundaries.    This   failure was due  to the  fact 
■ 

lhat he used the convejitional method of steepest descents 

109 
developed by Debye.    This method is not applicable to 

coses in which a pole lies near the saddle point ovrr which 

the integration is taken, a situation which occurs when the 

diffracted field is evaluated near a shado.v or reflection 

boundary.  Pauli modified the method of stcopest descents 

and derived a suitable asymptotic solution for the problem. 

Ott   examined Pauli's nctliod and simplified it.  OltMOM 

ctudied Pauli's method in detail and found it yields a partial 

acymptotic expansion,  Clemmow suggested that such an 

expansion can always be rearranged in the form of an asymptotic. 

expansion in inverse powers of an appropriate variable. 

Oberhettinker applied Watson's lemma to his integral 

expression for the diffraction of a piano wave by a wedge 

to produce a new asymptotic expansion.  Van dor Waerden 

mmm 
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111 
und Obcrhcttinccr   ßhowcd that Obcrhettinßoi's expansion 

could be derived by an application of Van der Waerdcn's 

nodified method of Btccpcat deccents. 

■ 

.Ü. 
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CH/iPTKR  II 

SERIES AND  INTEGRAL FORMS  OF THE SOLUTION 

In thin chapter the infinito-cerice forn of the 

Crccn'ß  function  for the diffraction problem of a line 

courcc radiatinp in  the presence  of a tv.,o~dincnßional 

iredco of arbitrary angle ic  introduced,  and  the infinite- 

ccricc  forn of the solution   for thr  diffraction of a  plane 

wave by a r/edce  is derived  from thiG.     This series ir.  then 

transformed to a complex intenral  representation. 

» 

Serien ypr.-n  of the  Solution 

Consider a  two-dimcnsionnl v/cdee  and a line source 

to be situated  in space as shown xn Figure  P.    The   faces 

of the  wedge  are  formed by  two semi-infinite planes 

interotctinc on the  z-axis of the  cylindrical coordinate 

oystcm.     One plane  is located at ja = 0;  the other,  at ^ r.qf. 

The infinitely-lone line source is r?.ra?.lol to the  ode© of 

the wedge,  and its position is described by the  coordinates 

(r1,^1).    The  typical  field point is denoted by  (r,^). 

Yhc lino source is assumed  to have  unit strength and  time 

dependence of the  form  c1     • 

13 
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Figure 2. A lino  eourcc and diffractinn wedge. 

b^ -   '■ -    • • 



15 

The Green's function for ihio radiating c*yütcii can bo 

16 written 

*o-^ Sf.'^^^D-l^-H 
M B 0    n 

■ 

If r > r1.    For the caoe p^   r, r and r* arc intcrchanced. 

In thio exproscicn C    in ^^c Keunann nucber Tihicii i& equal 

to one if a is Lcro;  otherv.lfio it is equnl to tv;o.    J  (kr) 

and H       (kr) represent Sessel and Kankcl functions respectively. 

n 

The varii.blc n describes the t/edge angle and is related to ^ 

by the following equation: 

•C - nTT . (2) 

k io the propagation constant. The plus sign is used between 

the two cosine tcrcis if the boundary condition is of the 

honogenccuc Keunann type ( •••• « 0 on both faces of the 

«edge)« Tor the homogeneous Dirichlet boundary condition 

(0 « 0 on both faces of the r/edge), the ninus sit;n is used* 
■ 

This convergent eerier, is on exact solution to the 

tine-harnonic, inhonogenooiM wave equation for the problem 

Of a radiating line source and ned^e embedded in a linear, 

Isotropie, honngcneoi's, lossless incdivra. It satisfies the 
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hor.oc.cncour? Kc-unümi  or  Diricblcl-  boumlnry  conclitionc, 

Ilk the  radJat ior. coMlition MM  tlie Hcixnci-  edge 

condition,   '*" This  ccricc convorcoc  for all valucß 

of 1*1  r't^»  and^'',  and  ic valid  for all valveß  of n* 

The cxprc£;r.5on  doncribec the  total radiation  field 

created Ly the direct  radiation  fron the  line courcc and 

that ecattcrcd  fron the v.-edge.    If the lino uource ic an 

electric current of otrcn^th I,  then G repreccntr.  the 

electric  field  vector,   that ic, E    s-ji^-IG;   and.  the 

boundar;   condition G  =  0 applicc.     If the line  ccurcc is 

a nngnetic current  of strength M,  then G represents the 

na/;netic field vector,   that ie,  11    = -jt^Ri;  and  the ■ 

boundary condition    -~r - 0 applies. 
dp 

In many casoc it  is necciicary to determine the total 

radiation field v/hen  the   field point ir.  far renoved from 

the vertex of the v.ed^e.     In euch caccc Equation 1 can be 

cimplificd by replacing  the lJ;inkel functions  by  the  first 

tern *f their acynntotic  cxpannion,  that is,  by  the relation 

H^OaW [vkrj 
2   -jQkr . J-ajJ nr     mlT" 

(» 
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Thiß nubetitution reducec G  to the form 

W     • r   /    6   J   (kr')e    n 2 
n ^r ,      m ü 

m s 0      n 

fcoß^C 0 -. ^')] 4 cos ( »< f* M* ')]] (4) 

Thic ßubstitution is strictly valid only  for those  terns of 

the scries  for which kr is larco  compared to the  order of 

the Hankel  function.     Therefore,   when makinß this substitu- 

tion an additional assumption  is  required.     This is  that 

kr'  is snail  enouch  compared  to kr so that the  terns  of 

the series which do not satisfy  the requircnent kr ^ — 

arc neßlißibly snail and,   for practical purposes,   contribute 

nothing  to G. 

If the  line source rather  than the  field point is  far 

renoved  fron the vertex of the wedge, G can be written 

r    ? -12    -jCkr' - b 
0ebn-rl   c GP   • (5) 
rhcrc 

n = O    n 

Cj, is  the  series fortn of the Green's function der.cribinc 

the total  field created by  the  scattering of a pDanc  wave 

tyr a v.edr;f,,     It is on  exact solution to this problcn  in 

- 
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the- cense dcacribid on paßCö 15 and 16,  The remainder of 

thio work concerns the evaluation of Gp# 

Equation 6 conver^cK rapidly for omall valuec; of kr. . 

If kr is lees than 1.0, Iocs than 15 terms of the series 

nrc required to compute a value of Gp which is accurate 

to 5 significant ficurcs. When kr is large, the series 

ctill converecö but very slowly.  If kr u 10, ^iO terms 

nrc required to achieve 5 ßisnificant figure accuracy in 

Cp»  In view of this slow convergence for large values of 

kr the expression for Op muet be cast in emother form if 

tt is to bo useful for computational purposes. An asymp- 

totic expansion of Gp in inverse powers of kr is such a 

useful form.  In order to derive an asymptotic expression 

for Gp by the standard method of steepest doGcents it must 

first be transformed into an integral or integrals 

of the type 

5 FWekrf(z)dS (7) 

In the next section a method for making this transfornrttion 

Jo described. 

Integral Form rf the Solution 

Sommerfeld deduced, by an extension of the method of 

Images, n complex integral form for G and derived the 

eigen function series given by Kquation 6 from this integral. 
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In this ccction  the J.nvereo dc^3.vation is presented.    This 

procedure  in more syntewatic  cincc one is not required to 

oturt with a solution arrived at by intuition.     First one 

vriicc  the Bcssel  functioiis  of Kquation 6 in integral  form. 

Next  the  order of in terra t ion and sunmation  is intcrch.inncd, 

ond,   finally,  the resulting SUPS are written in closed form. 

Gp will first be written as the sum of two terns as 

shown below: 

Gp « Kkr, $ mf% n) +  I(kr$ 0 + ^•l n)   , (8) 

where 

oo . mIT 

Kkr, fl i#9f »> • *  y £ rnJn0tr)e    n    ••&****) Cf) 

• • 01  s  0 

In the analysis to follow both of these terns will be 

denoted by Khr, ß , n), where /3 =^+ jj«. 

If cos •- p is expressed in conplex form, Equation 9 

can be written 

^»p,  n) -^   )     •    Ä ' •   *   I Ckr) + 
/Li r 
uml n 

-       5 JT   -3?P 
♦ ~ V   o~ n * cv u   jrlkr) do) 

M   =   0 n 
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The BcDKcl functionc in this cxprer.sion can be cxprcct>od 

in torac of contour inlccralü in the conplex z-plano as 

f<01ov/G: 

,     (    jkr COG i ♦ J » (» • fr) 
I (kr) = In- \ «^ da (n) 

n j 

1 r • 
V1 r) = atv \   e 
n
 c« 

cr cos z - j *- (a + VT) 
n " dz (12) 

The contours c and c1  are  pictured in Figure  J.     The 

cross-hatched strips in the  figure  reprcr-cnt the rccions 

In which the  integronds vanish v/hon     |Xaft|*VOO ,    Mow,   if 

the intccral over c is substituted  into the first summation 

in Equation  10,   the intccral over  c*   is substituted into 

the second,  and  if the order of inteßration and sunLiatJon 

is interchanced  in each  term,   the   follüv>in£ results: 

tft».  AN 1    (     j^r cos z     }        ^ n    \ . IU:r,^ ,  n)  = gg- \  cJ /,    e 

C m s 1 

•   1    I    jkr COG a   \ ^ n    V        ' /,~v 

C* vT^ 0 

* 

J 
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Kinurc J.    Conple:: z-plnne ancl tv;o possibDc intcgraticr. 
contours  for  the  F-CööCI  function. 

■ 
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The two ■MMfttiOM can be  reduced to the cloccd  fonriG 

CO 

O    B     1 

J     ■     (p+     .) -1 

1 - c 
- 6 

y» ft 
n 

(1*0 

luid 

O   e   0 

- i s <? a) 

1 - e 
-  J S±-& 

n 

(15) 

Equation  1> can,   therefore,   be v/ritten 

Mto.f . •> ■ sfe fc     ( 

(c« - c) 1 - e 
4 Zi 8 

" •      n 

jkr ccs  c d?,        (16) 

The negative cicn before  the  c  incUcstoG that this intetraticn 
f 

contour is to be  traversed in the direction opposite  to that 

indicated  in Ficurc  >.     Substitution of Eqration  16 into 8 

yields 

f! 
Op  r   ^r- r      2iin 

^C1  - c) 

0 n e        •- e 

  jkr cos z   . 

J      n 

J  - • n 

(c< - c) 

. ft      . j Jtlil 
jkr cos  z   . 0 da (1?) 

j 



•phiß is Wie cxpre^ciüM deduced by Sommerfeld. 

Equation 16 can be put in a  form wore convenient for 

later uce by noting that 

1 
t jS.t.,.?i     _ i X.t.» 

c               - e 

(19) 

•4 <KVH • <i8> 
Subctituting thie into Equation 16 and nakinß use of the 

fact that 

|     (      tJto cos zdz = 1 Jo(kr)  _ 1 ^(kr)  = 0    | 

(C  - c) 

yields 

10».^..)-^   ^   .^V)•3te•"• «•        (20) 

{C - c) 

Gp is now cxx^rosDcd in the integral form specified by 

Equation ?•  In the next chapter two nodifications of the 

method of steepest descents will be utilized to evaluate 

this integral asymptotically. 

■Ik 



CHAPTER III 

ASYMPTOTIC  EVALUATION  OF TilE IMTSQRAI FOUM 

OF THE SOLUTION 

In the previous chapter the  cicenfunction scricc 

eolution  for the  diffraction  of a plane wave by  a 

»/edge  of arbitrary angle  was expressed as  the sun of 

tv/o i.ntecrals,   each  of the  form 

Kkr, ?• ») • | mfj \    r(»: N krf(ft). )c dz (21) 

(c«  - c) 

whore 

f(si)  =  j cos z 

and 

ruj.^lsjE) 

(22) 

(2» 

In this chapter  those  integrals are cvalu-atcd  for the case 

of Dartje kr by means  of  the  method  of steepest  descents 

and  the  rauli-Clemruow modification  of this r.ethod.     In  the 

first section the  saddle  points of f(z)  are  located,  and 

the  integration  contour  c  -  c1   is closed by means  of steepest 

descent paths  through  two  of  these  saddles,     tfext,   the po}cs 
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of F(R) are located,  their contribution to G- iß dctertiined, 

und their behavior  for various values of ß and n ic described. 

In the next section the integrals which remain in  Kkr,^,   n) 

ore transformed  from the  z-planc  representation  to a u-plane 

representation.     In  thie nev/ representation the intecration 

contour coincides with the real axis of the u-plane.     In 

the third section the u-plane  integrals are evaluated by 

the common method of steepest  descents.    The resulting 

series is shown  to be of limited value.     In the next section 

these integrals arc evaluated  by a modification of the 

method of steepest descents developed by Pauli,    The 

resulting asymptotic  scries is compared with the Pauli 

ßcrics and so.r.e  of its advantages over that series are 

pointed  out.     It is then demünetrated  that this scries can 

be rearranged and put in the  form of the Oberhcttin£;cr 

series.     In the  final section  the equations presented  in 

this chapter are summarized. 

^'hc gftddl»  Pointr nnd Poles of tho_ Inlcprr.nd 

The saddle points of f(z)  arc  found by solvinc  for 

the roots of  the  equation 

JJ rift)  c -j  sin z s 0 (2*0 

i'hcoo roots arc  R    = UlT.   where M  is zero or a positive  or s 
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UtefttlW  intoncr.     f(s)|   therefore,  poDGeDco& an infinite 

nunV.cr  of eaddlo  point r-,   equally cpaccd alonr; Die  real 

nxic of the z-plane.     In  view of the locations of the 

caddie  points and the  behavior of expfju'fC'/OJ   for lar^c 

values of  lr;)7M  it is appropriate to create a closed path 

of integration C,., eOMleting  of c'  - c,  ^Dp     ,  and  S))P,|f. 

This path  is shown in Ficure  h,    SDP ^an'  SDP-?. represent 

tlic steepest descent patlis through the saddle» points at 

R c -"ifand z -T)'»  respectively. 

It  follows  from  the  Cauchy residue  theorem that 

S(kr, •. a) - r^\- \    HmUMM te - \   F(Z}ckrf(z) da ♦ 

♦ ^ITj 2>CPosiducs  of poles enclosed by C 

r(z) has poles at  the points 

» c - ^ + 2nTn:    , 

j)] (25) 

(26) 

trhcrc 1? is zero or a positive or necative integer.  Those 

poles lie oft the real axis of the z-plano, and their 

positions on this axis are detenuined by the values of n, 9*» 

and v*'. 

V.'hcn -7;'jC(-p+ 2n1iJl)£ Tt" , the pole is enclosed by C^ 

ond its residue nust be included in the evaluation of 

Khrjp, n) as is indicated in Kquation 25, This residue 

can be found by first writing the integrand of Kquation 21 
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Z'PIA/V£ 

Figure 'i.     Cloocd intcßrntion contour in the complex 
t-planc. 
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HD  the  rntio p(ft)/%(»)|   v.hcro 

. , f r- < V \   jkr cos a ■ /Df,v 

Mi 

qU) =  '«TTon tin ( EL>," ) (28) 

Since pC?') and  q(z)  arc  analytic,  R,   the  residue  of their 

ratio at z = - p + MDI|  io 

or 

7i>c recldus  contribution to Gp froin the pole at z  = mP*  faXll 

iti%  thorcforc, 

ci.:rcoS (-e- tan) „jy.i.p, 2,m^ , 

rScrc  U rcj-rencnts  the  unit  ctep function. 

(0 if t <  0 : 

1 if t  > 0 (51) 

| if i • 0 

The  latit  requireijcnt  in  the  above  definitio:)  of ll(t)  accounts 

for the   f,ict  tlial  tlie  rot.iduc  of tlic poüe haa  the  C.-.uchy 

|»rj)jcii»al value   v/hen  the  polo  lies  on  the inle^ration   contour. 



ii.mn    "^—T" ■■. . 

The above contribution to Gp describes a plane wave propagation 

in a restricted region of space. If N = 0 and 0 = </> - ^ the residue 

contribution to G has the form 

This term describes the plane wave field incident on the wedge. The 

angular space illuminated by this wave depends on the angle of in- 

cidence^'. The illuminated region is described byTT-f^-^'f >0. 

The transition between the illuminated region and dark region, that is, 

the shadow boundary, is defined by 7T - | ^ - ^'j =0. If <*. - TT < ^! <7T, 

or if(A<7T» no shadow boundary can occur. When a field point falls on 

the shadow boundary the pole associated with the incident field falls 

on a saddle point. If  '^Co^-TTthe pole coincides with the saddle 

at z = -TT, while if ^^ 7T it coincides with the saddle at z = +7r. 

All of the other residue contributions to G describe reflected 

plane wave components. The angular regions of space illuminated by 

these reflected fields are described by TT - |2mTN - (^+ ^l ^ 0, 

and the boundaries of these fields by 7T - J2nT^ - (^ + ^,)| = 0, except 

when N = 0 and (^ +6') = ^ -/'. Clearly, when the field point 

falls on a reflection boundary the pole associated with that field 

component coincides with a saddle point. 



The poloc of F(a) play tv/o roles in the determination 

of the ncynptotic cxpreceion for Gp. First, they determine 

the plane v/avc componento of the field through the residue 

contributions discussed in the previous paragraphs. 

Second, they strongly influence the form of the asymptotic 

oxprcsoion for the integrals in Equation 25»    For these 

>. reasons, it is important to have a complete description 

of the pole configurations of FCsOt In particular, the 

index N of the pole nearest the saddle points of the 

integrals in Equation 25 must be known. 

Figures 5 and 6 illustrate a method for describing 

the possible pole configurations which can occur as ^ andji• 

lire varied; OsJ, is assumed to be fixed at ICO degrees in 

this example. Figure 5 illustrates the possible pole 

configurations for p= 0-^'; Figure 6 is drawn for 

p^ ^5+ jV. The rectangles denote the range of Rez over 

which the poles move as ^S, the angle of observation. 

Varies«  The right-hand side of each rectangle corcsponds 

to f5 c 0, and the left to ^ = oi,  Each rectangle corresponds 

to a fixed value of N, the pole index, and 9J1, the angle 

of incidence. 

The angular regions illuminated by the incident 

and reflected fields can easily be determined from this 

ilagrai as can the locations of the field boundaries. 
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The illuminated rcßSonr» are defined by the valuer, of 

^tfl'l öud N for vvhicli the polcr. lie between tlic vertical 

linoc at z  = ♦ TT»  ^1C field boundaries occur for the 

value« of $1 ^5', and N at v.hich tlic poles coincide with 

these lines. 

It is important to observe that various poles can 

lie near the saddle points at z = tTT« dopendinc on the 

value of ^ and ^,.  In Figure 6, for cxnraple, if ^J* = 100 

decrees and ^ = 100 decrees, the pole H = 0 falls near 

the caddie at a c -If, and the pole N = 2 lien near 

z  B +Tr»  On the other hand,  if ^j' a 0 and ^ = 0, the 

pole II - -1 is near a = - If v/hile the pole II -  +1 is 

near ■ = +'ir. 

Figures 7 and 8 picture the possible pole conficura- 

tions for a '»0 decree wedge. This example illustrates 

that as YV decreacos toward aero an increasing number of 

poles will fall within the region -TV ^ Rcz ^ TT, and that 

higher order poles, that is, poles described by larger 

Values of N, will lie near the saddle points. 

Later in the analysis it will be important to 

recognize that the pole nearest the saddle point at 

J 
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f, s +'flf ic dorjcribcd  by  the  H v.liich most nearly  eaticfiec 

the equation 

Mm - ( ^ ± ^•) = iir. (ja) 

The next ctep required  in the derivation of the 

ttcynptotic exprescion for G     is  the evaluation  of the 

two intecralc in Equation 25,   that  is,   the asymptotic 

evaluation  of 

I               r>r\* 1 f W+   B \    jkr cos z   , j eJ                   dz 1              CO (/| 
k 2n 

-IT 

and 

(33) 

W'-'p'^^j \ ••t(4p)ojkre-a-    w 
SDP, IT 
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yrnnf;forr.iat.lon to a New Complex Piano 

In order to evaluate these intecrals, it le moct 

convenient to trancforra variables to a complex plane in 

vhich SDP , ,coincidec with the real axis.  This new complex 

plane will be called the u-plane. The transformation 

equation relating the z- anc) u-planes is found in the 

following way. For values of z on SDP 

f.nd 

lofU) = Imf(tir)  . * (36) 

Therefore, on SDP . f(z) can be written 

tM = fdir) - u2 , ";  (37) 

then u is real.  Substituting Equation 2?.  into 37 yields 

the transformation 

j con z = -j - u2 08) 

or   * 

ü « ie  ^cos |- *     (39) 

The choice of r.igß  must now be made.  The equation for 

t>.o »ioepnut descent path SDrTr is 

C03 x cosh y = -1 (^0) 
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36 

In the vicinity of z «If,  thic reduces to 

a ctraic^t line making an ancle of ^5° with the x-axis. 

In thic vicinity z can,  therefore,  be  cxprescod as 

thli 

% c If +  se if 
Ciz) 

«here c is the distance measured alone the path. The value 

of c is zero at z sTT, positive for Imz > 0, and negative 

for Inz < 0,  It follows from Equations 39 and l\2  that for 

x  In the vicinity of 

«-tm CiJ) 

When z > 0, u must be positive if integration along SDP 

is to correspond to integration from - oo to +00 along the 

real u-axis. The minus sign shouDd, therefore, be used in 

Equation 39. The transformation which maps SMy onto the 

real axis of the u-plane is, therefore, 

4 V 
u B -o  '^cos I (H) 

It can bo shown in a similar manner that this transformation 

also caps SDP ,- onto the real axis of the u-plane. 
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Figure 9 pictures the strip of the ss-plane defined 

by 0 ^ ^es ( 2XC•     SDP,|r is also shown here. Figure 10 

thows how the various regions of this strip map onto the 

u-plane.  Other strips of the z-plane map onto other Picnann 

rhcets of the complex u ropreccntation. The strip defined 

by -2lT < Rex < 0 naps onto a chect adjacent to the one 

pictured in this figure.  The small, lettered circles on 

these figures illustrate the manner in which the polos 

of F(a) map onto the u-planc, Notice that the poles in 

the u-plane move to the origin    heir counterparts in 

the z-plane move toward the sacklle i  z sTT. 

Applying the transformatir  defined by Equation Ml 

to Equations 33 and 3'< yields 

('»5) 

where 

C(U) = cot(fi-pM) (i.C) 
2n 

&nd 

^  c ^ fins 

cxn Y* 
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''ir.uic   0.     r.ovcr.'il  of  tiic  »«plan«  boundary  liiicr; arc 
l*4|CA|(idi     Tl'.c  cirrlcc'.  r\\\r.\    v& iiidicate correnpondinc 
^tCiontl  in  1.1JC  tv.o  p]<:ncT..     .::/Plf coinci des vitli   the  re; 

rteU 

1  u-. .s. 
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Thuö Equation '<5  can  be written 

-l(kr + f'   ( cot fttW        .     2 

oin n 

'»I cot -^-r—i—;—     ,     <f 
I    (kr, ß .  n) u - S Ä   \ £^  c.-

kru du     (**) 

• 09 

or 

-j(kr * K 
I    (hr.Q.  n) ■ - 2   \G(u)c"kru    du (M)) 

«oo 

with 

cot £pL«i 
.in -r- 

Thie cornpletcG  the  trancforrcation of I     (kr, ß%  n) 
ITT * 

from the  z-plane  to the u-planc reprec-cntation.     In the 

rcnaininc cectionc  of  this  chapter,   this  intecrnl   will 

be  evaluated  by  the  method   of stecpect  deccentü and  the 

Pauli-Clemnow modification of thin method. 

Evaluation   of  7     (kr, $ .   n)   bv  the  Kothcd   of 5.tfoncrt   Poocentl 
^^™™~" ■     ——  «— j^r". I    I  ■   I m mm    ii i     ■ i      ■   ■ iii  — 

In thic ccction Equation ^9 iti evalu-uLcd by the ordinary 

eethod of etecpoct der.ccntc.    In this evaluation it is 

fttsuncd that none of the poles of >'(u) lie rear the origin 

Of the u-plano.  This is equivalent to acsu-.inr: that none 

of the poles of F(r,) lie near z  = iir.  rhy::ic.:lly thin 



«asunption  inplcs  that  the diffracted coraponcntc of  the 

field arc bcinc evaluated at  pointc well rciuovcd  from 

shadow and  reflection boundarieo. 

If G(u) hac no polet near u  = 0,  it can be  expanded 

in n Maclaurin aeriec having  a radius of convercencc 

extending  from the origin  to  the  firct pole.     If thic 

expansion  is made,  and the  result substituted into Equation 

'tO,  I     (kr, (?>.  n)  takes the   form 

I^hr.^,   ^'---yTz^ Is  c* * n) ' 
oo 

(   in    -kru* •    \ u    e 

-oo 

m s 0 

du (51) 

rherc 

(B) 

n   V' ml    g^Caj 

iz = 
0 
tlrt 

(52) 

The positive cupersoript on  the  coefficients of the Maclaurin 

oerics indicates that the derivative of G(u)  is to be 

evaluated  at  u r 0 on the Ricrsjann  sheet corre::pondir.c  to 

the z-plane  strip 0 ^1 Rez ^ 2V,     The minus sign denotes 

that the  evaluation is to be  made  on the u^plane Rie:.;ann 



w 

to 

ohoet corrcr.pondinn  to the r.trip -ZlY <C Re?, < 0. 

The odd terms of Kquation ^1 Integrate to zero 

co it can be  written 

m 
(     2m    -kru     , /c-,\ \  u      e du {52) 

-co 

Integration of thie cerics reducec it  to  the  follov.inc 

form 

-jClnr + ;-)[- 

M • 1 

.-LI 

s01 

(5«.) 

(kr) 

or,  in more  compact  notation, 

-JO» * })  Ä   . ' [J. t i) 
m + ^ 



The coefficiento of Equation 55 are  found by  the 

eimplc  but tcdiouc evaluation  of Equation 5?»     The  firat 

three  of thece  coefficienta are listed below. 

C*  (^.  n) = t cot    &%■ (56) 

•j^^-^cf.^r^i-' -4?] (57) 

+fe"ÜCSc2.   Hfl (58) 

When Equations 8,   25t  531  and 3^ are combined, G 

takes  the fern 

t K^fen p« ^'» f^'i n) i 

♦ cjkr COB  ^^,)U(ir.| 56.^.1)  + 

♦ plane  wave  terms corresponding  to 
• * 

reflected  field conponents. (59) 
» 

It  follov.s  from the  derivation presented in this section 

that co lone ac ^c  field point at which G    is beinp evaluated 

L 
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docß not lie on or near a chadow or reflection boundary 

Gp can be written ac followa: 

mm 

-iCkr ♦ {) tTv,.    0-5 

Gp/Ny " ^WSJFZ Yj*-^*-*'*  n)  ♦Cj|i(#^«l  n)]   • 
, rj t-- 0 

rf1 + P       /_( u 

(kr) BJ   =   0 

n« ♦ |) 

(kr) 
1 

J 
♦ .*'cos t'->',)»(r-l#-^,n • 

♦ plane wave  ternG correcpondinc to reflected  field 

components. (60) 

Thic equation ic identical to the a:;ynptotic exprer.cion 

for Gp developed  by  Oberhcttinccr  for  the  car.e in which  the 

field point is well-renovcd  fron thadew v.nd reflection 

boundaries.     If only  the  firct tcrt': ic retained  in each 

of the  cur.natdonc in  thin equation  it  reduccc to  the 

faniliar  fern  for G     used in the  {•OMtrical theory of 

diffraction,   tliat  ic, 



*wm 

hh 

Op ■ T-T-  (Mill Ji -^0   i DCn. ^H !<•)) 

+ c Jkrcos  "»-^>,(1r.l#.^,i, + 

+ plane wave  tcrrce  corrcDpondinc to reflected  field 

componcntc, (6l) 

where 

• -^F . u 
n/2 k'ir^cos ^ - cos    -^—J 

is  the  edge diffr«»ction coefficient. 

It was pointed  out  in  the exatiplec on paste 29 through 

3^ that when ^$   the angular coordinate deccribinc the field 

point 1   approaches a  shadow or reflection boundary a pole 

approaches at least  one  of the saddles at z = ilr.     In such 

a situation the corresponding u-plane pole  will move toward 

tt »s 0.    This will cause  the  radius of convergence  of the 

Maclaurin series used in the evaluation of Equation ^»9 

to chrink to zero,  and  the  coefficients of that  scries to 

grow v/ithout bound.     This renders invalid  the asynptotic 

Bcricc expression  for at  least one  of the  first  four terns of 

Equation 59.    A method must,therefore,   be developed  for 

evaluating Equations 33 ^r.d Jh  for the case in which a pole 

of F(z)  lies near the saddle point.    One such nethod is 

discussed  in the  n:xt  section. 
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KyaliKjtion   of J^   (Vrt^>  t^)  by  the  BBSMrSi&ggES iJSJJJJtSi 

Method of Steepest Donccwta 

In  thic section Kquationo  5^5 and 'jh arc  evaluated   for 

the  cn«£  in v/liich a  cinflc pole  lion near I = -Tfor  z  •-•  HTT. 

This evaluation  MtillMa  the  basic  idcac deployed   by  Pauli 

but yields a more ccncral  result.     O.'he  approach  lo  Go::c'w))at 

easier to  follov/ than Pauli'c,   and   the result  iu li a r.ore 

convenient and  uaeful  form nince  the confluent  hypcr^coi.ietric 

functions  are   not  introduced. 

The  csnential ctcpr.  in  thic evaluation arc  the   following: 

o)    The  intecrand  of  the  cquatione  ic  firfit written a£>  the 

product  of  two functionu.     One  of ther.e  dotcribec   the 

pole  near  the  raddle;   the  other  if. analytic at  the 

origin  and  at  the pole  in  question. 

b)    The  integral is then  transforr.cd to the u-plane 

representation.    The analytic portion of the intcc^nd 

ie expanded  in a Maclaurin  nericc,  and  the  order of 

eumrnation  and  intecration  ic  interchanrcd. 

e)    T)ie  resulting series  is   then  iniccratcd  tern by   term. 

This   process is described   in detail   for  the  evaluation 

of  I ^ter9#|   n)   for  the  case   in  v/hich  the  pole  of F(a)   at 

&  r-. * p is  near  the saddle  point  ?t  z u -li".     The  results 

ore   then  presented   for  the evaluation of I  •J''-1*» (^ •   n) 

for  a pole  near ■ =  Iff*     The   technique  used  in  illia section 

laiDr;   for  snail values  of n. 
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It ie convenient to bc(jin our diccuccion with Eqiiation 35» 

The intogx*antl of thir> equation hac polen at I = -ß+ 2nTni. 

So long an n is conewhat greater than 1 only the pole at 

& B ~ ß can lie near the naddlc point at z, = -IT.  A 

technique for cvaluatinc I (kr, $,  n) for this case v/ill 

now be described»  If the intecrand of Equation 53 ic 

multiplied and divided by (coo 7* - cocp), then it can be 

written 

\  2n ^ coo z " c coo 
e jkr coo z (62) 

«here 

H(a)  = cotf-~^~ycos z - coop) (63) 

H(si) is analytic at and near z = *&, and H(-f) = 2n cin^. 

The information concorninc the pole at z = -O is contained 

now in the function (cos z - cos^)" .  If I (kr, p, n) 

is now transformed to the u-plane representation it takes 

the forra 

CO 

I JltT, p. n) . - 2 I IK;^ " - du 
-TOT 'v '      j?/^ irn  \ u^ H ja 

-00 

(6'i) 



v/hcrc 

^7 

K(u)  . 
cot 

tin 

7.(U)    +$ 

(COG   Z(U)   -   COfJ V (6^) 

a c 1 +  cos ß (66) 

and 

2 j(u' 4  jn)  = cos z(u)  - cos & (6?) 

H(u)  is analytic  in  the  vicinity  of the  origin  so  lone as 

only  the  polo at ■ ■ -piß near '/. = -'TT,  and can  be expanded 

in a  Maclaurin scries.     Therefore,  Kquation  6'»  can  be 

written 

-J(l:r  « f)      o.. 

-IT      * V  ' ytjz 

m = 0 

Bm(p.  „) • 

06 

I u    +  ja 

-kru o du      , 

CO 

v.herc 

(68) 

W*  n) = 
.m 

JLJLtM 
tnl dum 

u  ^ 0 
(?i s. -ir) 

(69) 
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All  of the  odd   tcrnui of  tliic eerier, vajiish.    The  remaining 

terns Ccm  be  exprcüscd  nc conbjnations of v/cll-knov/n 

functions,   nancly  the  Frecnol  i.'itc^rals and  inverto powers 

of hr. 

The  evaluation of this scries is now described.     The 

intecral^ are   treated  first,   then   the  coefficients  are 

discussed.     The  integral  in  the  first  term of Equation  68 is 

1,00 
-co 

du (70) 

where   X" ION     This can  be  evaluated  by  first differentiating 

with  respect  to>»,   inle^ratinc  on  ui   then X i  and   finally 

again  on u.     The dctailtj  of tbis procedure arc as  follows, 

Coasidcr 

I (*)c o 
.Jte      (    ***** ^ »>   - 

J (u^ 4  ja) 
(71) 

-oo 

Differentiation with respect to X followed by integration 

on u yields 

oo 

£[v>oc-; •].. .*• (c->"2 ^. .Jf.-** (72) 

»oo 



,m ~  ■ ^ 

Intcf.ratinc now on X reeultc in 

1 (X)t o 
JM . ( ^L- m/r\ €tl dA' 

CD 

'•9 

(75) 

The first intccral in thic equation can be evaluated by 

Inte^ratinc over the closed path C chown in Figure 11. 

U- PLANE 

Fißiire 11.     A contour for cva 

CO 

,      . .        f       du luatinc   \ —r-— 

CO 
J« 

Since  the  integral over  the semicircular part of C vanishes 

ac R approaches infinity, 



oo 
du 

u     4   ja 

-co 

( du  
(D Ä ir . IT 

(u 4  c /av)(u  -  e     .   /a*) 

^Ttj iKcciduoci  of  poloc cncloned  by C ]• 

The  rcoiduc  of the  polo  at 

* IT 
u = - c        /a* 

16 

, IT 
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(7M 

and,   therefore, 

1= 
-co 

.du JTi if 
2 u    4   ja & 

(75) 

Subctitutinc thic r^eult  into Equation 73 yicldo 

kr 
^   jCl'wra ♦ r) 

(70 

The   integral  in thic  equation  can  be exproüücd ao  a complex 

TT   2 
Frcüncl  intccra]  by rno.tnc of the cubititution aV   -  •• t  . 
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I (kr) o 

IT 

1        dTj. (77) 

where 

-W 
1 
2 

Thle can oleo be  v/ritten 

05 

I  0:r)  = =*—-^ 
Jkr« 

(kra)2 

e"^2 dt (7ß) 

The evaluation of the hicher order intccralü in 

Equation 68 ic now quite Straightforward. The intecrand 

of the next even tern can be expanded an follov/o: 

u 

tt2 4 ja 
1 - J&. 

2 u 4 ja (79) 

Therefore, 

( 

u     ■km  .   I -kru  ,     _ ,, N c     du  \  c     du - ja I (kr) = 2 u ♦ ja 

-CD -oo 
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I 

Tho intccrcnd of the tern corrctpondinc to rn r '♦ can be 

written 

u    +  Ja u    4  ja 

eo 

(3—rn —i u    ♦  ja ^ 
2(krr (kr)2 

—J - J« —T *  (-Ja)2 I 0»1     . (82) 

The  intt'cral of  the ncnc^nl  !•      term cm  be written 

"        -kru2   . \      lvV5'*-*(?(n - k) - l)/^ 
u+ja / ^        .v        ■ • k ♦ ? 

„     2<B - khkr) Z 
-oc> 

(-ja)k " K  (-ja)n  I  (hr) (8^) o 

or,  in more compact   forn, 
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u ?Xi 

u2 ♦ ja 
-kr« ' . o     du B 

-oo 

nm. k 4 |)(-jok ■1 

(hr) 
(m - k ♦ i) 

♦ (-jn)" Io(kr) 

Subcliiulion of thic into Squatioa 68 yield'. 

(8'0 

I    (kr, p , n)^y 

co 

- S 7=1 /    K    (P.  n 

0« - H ♦  5)(-j0)
k  ' 1 

(kr) 
(m - k ♦ ^) 

k B 1 "I 

♦ (.j.i)n  Io(h|.) 

• ■ 

(6» 

The   coofficionlc%  )3"     (ß,  n),  arc related in  n cim^le 

Banner to those of eerier, developed  in the previous section. 



It  folloviti  fron Kquatione  0$,   G'f%   ()<)%   and  rj0 that 

1k 

U   r   0 

(86) 

Thio yicldc  tl»c   follov.inc roiatJonc: 

And 

(87) 

BL (e»  n)  = JC2(«n -  1)  ^ n)  - oCL  (f»  n) (8r.) 

Since  ll(u)  ie analytic when  z s - ß,  all  of UICLC 

coefficients are   finite  no lone M only  tlic pole at 

ft B  - p approachco  the  caddie  nt  I r  -IT.     In  particular, 

they arc  finite »/hen  ß sTT.    The   follov/inp analyaio revealo 

tho value  of thece  cocfficicntc  for thin value of p. 

H(u)  con be written an  the cun of an even and  odd  function 

Of u,  that  is, 

H(u)  n H0(u)  4  H0(u)     , (89) 

where 

11  (u; e   (90) 

ond 
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no(u) . "(") - IfaJ •    (91) 

In order  to  find  Ihc   form of H   («0  and ll0(u)  it it noot 

convenient  to r.al:c  the chnncc  of variable 

E(U) rO(u)  -IT (92) 

oo that 

u - -.'J VPCOO I . -e'1 "VTcin f (93) 

The a31ov/eil  value:, of u) are restricted  to  the  chaded ctrip 

of thdO-jilane  ohtv.n  in  Fit-uro  1?.    Theroforo,  o chance 

in  the  cicn  of to corrcoponda  to a  chnnt-.c  in  the  cir,n of u. 

This pcri..itc HC(u) and K0(u)  to be written ac  followo: 

ii (u). ——am  cot —iü— • 

♦ eot   =^V '"'"   I (9'') J 
and 

„O/   \ cor.iO(\i)   ♦   cor, fi   | ■(u) ■ -r—ag  2 coc -2- L 
cot     ———^  2n 

- cot   ~^r I (V5) ^n 

•. 

■ 



Now v.hcn [3- ♦IT, HC(u) c 0 und, therefore» all of the 

even cocffjcicnto of the Maelnurin oerieo cx})anüion of 

M(u) vanirh,   that  ia, 

B^ (If,  n)   « 0 (96) 

~7r 

OO- riANC 

ir 
^/?c iO 

Fipurc 1?.     The ionplex 0-p!ano«    The values of u> 
•llov/ed  in Equation 9J arc rcetrictcd  to the fihudccl re^ionn. 



For thio cacc  of p : irKquation 8^ rcducco  to 

-j(Hr ♦ ^) 

i^Chr.ir. »)« ^St7r    n0(ir. n) |#(krl 
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(97) 

Thio firct term r.ur.l be rctnincd tine* the pole in I (kr) o 

*t   p   TT   jurt  e»ncc]o  the ecro in B (p,  n)  to yield A 

finite  value.     Thnt value ic found by trriilnn (3 « TTi € 

•nd  tahinc the  Unit ao C-*-0.    The detailo arc ohown here« 

1€ 
B (TTtC«  n)  «  -  (1  ♦  cor[Tr «.£•])  cot ^- 

Ä 7 r.G (98) 

I0(kr)- ~e (99) 

• 

li«    I Jkr. tr t 6 .  r.)  = t y c"^r 

€^0    •' ■ 
(100) 

The plus ticn applieo v.hcn   p>Tri  nnd   the  minus cic" v.hen 

p<Tr.     Thio dir.continuily  in  the diffracted  field   juct 

ecipentateü for the dir.continuj ty at  the boundarico of 

the  incident  and  reflected  fieldc,  producing a  continuoua 

total   field  there.     The  vr.luc  of Kouation  100 directly 



t.8 

on the- field bovu.d-.ry 1c v.vro. The Cauchy irrinclr^l vnluc 

Of ihe aaroci.itcd rcr.lduc coniribuiicti io ir , oo vuo dhov/n 

in RquAtion 31. 

The pole nt  » ■  - p e  -  (v* - y*1)  con  lie nenp  the 

saddle  point At  z ■  «TT.    When thir. Mlu.it Ion occuro 

.   W,:r'P'n)--raTJ    \   ^i5^*)'* :r con » d«       (>'») 

SDP. ir 

muol be   ovnluntcd in  the nnnner jur.t illustrated.     Thio 

tYalU'iticn yield» 

I.^r, p,  n)^ - k (p' n) • 

Pn - k  ♦  |)(.j.)k   " 1 

(V.r) 
(w - k ♦  §) 

k B 1 « 

♦  (-ja)n I0(kr) 

With 

• • 

(101) 

lira       T ^(kr, If 1 £ » n)  ■ t I .-Jto (102) 
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B^Cp,  n) . -«C*(pf  n)    , (10» 

and 

B'jp. n) . JC*,, . ^{p. n) - .c;o(?. n)    . (10'.) 

Picuroa 5.   6,  7, ond 8 illuctrato that the poloo of 

f(ft)  located at s ■   -Of   ?::£* can  li" near tho onddlo point 

at • ■ -TTwhtn II io a nocoiivc intcccr.    tThcn  thia oituation 

occurs  I -/kr, pi  n)  can be  cvAluatcd by  th« Method uncd 

for tho case  in which  tho polo At  t  «  -^ appro-».chon that 

aaddla«    Hotyovcr,  the method mist b« nodificd nlichtlj  to 

account  for tht  fact   that tho polo io doLcribod oy orbitrnry 

nocativo H.    This «rodi Tication ontailo ninply  rcplacinj  tho 

tor«  (cos z -  co;,p)   of Equntionn  62 and   63 by  (cos s ■ 

cos (-p*  ?ntn;)).    This substitution r.ahes K(0 «nnlytic 

at z = - (3 ♦  Zvtf)'. and allow.-; expansion of H(u)   in a üaclamin 

series«    This substitution puts Equation 66 into tho forn 

a ■ 1 ♦ cos (-f3 ♦ ZritiX),    All other cqiiatior.s of tho 

analysis retrain unchanged  in   form.     Therefore,   when Op 

is  to be deterninod  at  ficlJ  points   for v.hich  - (3 ♦  ZiiKfi 

is near -IT,  Equntion  85 should be  ur^od   to  cvaluato 

I^^Jkr, p,   n).     In  Equation  85 and   the allied   equations, 

that  is,   «V and  8S,   a  =  1  ♦ cos  (- ^3 ♦   P.rtfA) t 

It also can bo   shc.vn   that when G     is   to be  dotcrr.iined 

at  field points  for which  -  p+  ?nVH  ia nearTT,   (.^«e Ki^ure fi, 

for exanplo)  Kqur.tion  101  rhould  be  used  to evaluate 



Co - 

I -Jkr, p, n). h\ ihJc ociualion n » 1 ♦ coo (- p* ruTTj;). 

In thio  tftM H if» o   poiilllvi« ititcxcr» 

If n Jo clf-'t   lo rcro,  Ihat  Jo,  if the   exterior on-Io 

betv/cot   the   faccn of  the  ccall« rinc weJf.u  la itnall,  a 

Inr^c nuntter of polco «ill  lie near the cuddlco nt 

* l   iTT*     In  thin cntie the rue*''!., of convergence  of the 

Hnclmirin oericc  for  l!(u)  «J*     be very onnll nn<3 Kquntlono t[> 

and  10)   viill  full. 

A nuubcr of exAcplec  IDuotratir.r  ibe  uie  of the 

•quntiouo developed   Jn thin oeciion are dlrcuoreJ  in 

Chapter  IV,     Hov.evrr,  before proceedlnc t/ith thin tho 

relation  between  the  expretr,lonn developed here ar.d  thooc 

CivcM by  r.iuli and  Oberhettlncer «ID   be  examined   further« 

pel/it ion  to r.»ult V   Apvr-.ttct^ 5»rr1en 

Pauli was the   first  to introduce  tho  r.cthM  of 

•teej-c: l  decccnto uLed in thio «orh.    He applied thio 

■etho-J  to the evaluation of n     in a tanner r.uch  like  that 

used in   thii* ctudy.     Pauli, however•    erforced one operation 

at  the be^lnnin^ of his evaluation r.hich caused hir. recultinf. 

aoynptotic exprenrion to be of Iccc ßmeral applicability 

than the one derived  here.    The ntortinj point  for I'auli^o 

derivation wac So:.r..erfeld •c iirratr rhich  io ciV€,n *-y 

Equation  ]'/•     Tauli'c path of  integration  for thi.*. equation 
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wao closed  in iho nnnncr ctiown in Figure '* t  And iho pole 

eontributionn to 0    nere evoluaiod«    Thin reduced C 

to iho  form •   • 

Op «    \      Pd, n, ^ - jiOd* ♦      )     Ft»,  n,  0-j^Od» t 

SDP ^ SDP ^ 

ft    \    P(«t  n,  p^ ♦jiOd» t    \      FU,  n.^flOds 

SDP ^ SDP ^ 
-r ♦tr 

% 

4 Rerlduc contributions     , • (10^) 

^loro 

il 
r(.. i. #»#•> - • A    . .    ' , rmr.- •5,!r e0t * "0« 

^ n        "J     n t        - e 

By Mihinc the substitution z ■ lO-TT lh  Ut   fir-t  «^d 

third  inlrjr.U nnd s ■ w « tT in the eecond and  fourth, 

Pauli reduced Gp to the tun nf two intecraln« 

^ I       coo  *- -   coo     *'■■*-    ■*■■■■ 
SDP n ■ 

o 

1 IT    f e*^,r conl0 

rV>elBn      \     Zl        XJ,>0^~>•^Tf•^^)-'"^,* ^ I   coo  fc - cc»o -.-—.. — -».   - • ,fc,lJ,, ■      )   coo 
SDP n 

o 

4  Roaidue contributiono    • (107) 

• 



The  contour SDP    in  the fc}*plaii«   i;..  illur Iralid  in  ftgwt* IJ. o 

JTffi UJ 
CO-PIAA'L' 

Zli 

• 

Figure   DJ.     Inlccratio:i   contour BDP    ur.cd  by   l\iuii 
to evaluate G.,. 

Pauli   tlicn  cvalnatcd   thit:  equation by   the  r.fthcd   described 

in the  previous, section, 
* 

Consider now the  pouts  of   the  intof.raml.-.  of  Equation  107« 

The  )>oler. v.liich  lie  near   •♦ tf or  - IT in  tlie  •/.-].V-nc  v;i 11 

lie  near  the  origin  in   tlio   io-i»l''ne.     If • j'olo   Dies  r.r:ir 
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ft «IT  (oi   -Tl )  but none  lies near  z  =  -1r(orTf)|   then a 

einclc  pole v/.il]   lie near lO r 0 and  Panli'i; nethod  of 

ßtoepoct  descents yield« a  uccful  rcoult  for Gp.     If, 

hov/cver,   one  pole  lies nenr  z  r  -flT and another near z  ■  -IT» 

two poleo  will  lie  near tO=  0.     In   this case  Pauli*c nethod 

falls and  hiß osynptctic  cxp.'incion   for Gp is not valid. 

Pauli  reduced the ftMffftlity of his result v/hen he 

combined   the   in terra t ions  over  SDP .„and SDP ^into a 

cincle  equation.     The Generalized   form of Fauli's  exprea- 

eion developed  in this work can  be  apjjlicd  to cases in 

which  poles  siir.ultaneously  lie  near  z  r +Tr and  z  =  -ITi 

eince  the  intecrations over SDP      and SDP      v.cre  evaluated 

individually. 

Pauli^ asyriptotic  cxpancjon  for  the integrals in 

Equation   10?  is 

In n 
SDP 

0 

" lB = 7^ Sin n c 

z 
n s 0 

j"  ~r~" A.   (A)«   (hra)   -^-— (103) 
JVT 2*?    ■ (kr)n 



where 

Sia(l;ro)   =   (■  - Ir^kwO1  r^X,   -" +  |  »   J^'^a)      ,' (309) 

•^1      d(?n) 
A2in(P) ■ TSJT rysy 

cor.io   i   cor P I 
cor.  - -   corj  *      cor.   -.r n n W 

(110) 

and R • 1 ♦  COD       =   1  +   cor   (     +     *)•    The   fMaotiOM 

Fp(l,   -n +  $ ,   öl;ra)  arc  ccnfluonl  liyptrgtontiric   functi'>.i:'.. 

These  can  be written   in  iho   fom 

co 
1 

m - vr 

F2(i, HI • I , Jkr*) = (■ - |)(kra)       U*** V 
-it 
 _ til  . 
■ + ■ 

t 

110 

kra (111) 

If   (af>  Ott"l'lw htir.  ilicv/n)   the  inte(;ralr;  in   thil  equation nre 

ropcntccily  int^ralod   by  partü KqiK-taon  108  can   bo  written 

in  the  form thovn below. 

B ='[r/^     n      c 

05 p E 

vc^ n 

m = 0 

•     . >k - 1 H" - k • |) 
(-ja)  

(kr) 
■ «• k 4 V 

Lk . i 

+ C-J*)1 X#Ckr>|    . (11?) 
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Pauli'e expression for U- can be derived by combining 

Equations 85 and 101 for a common vnlue of H, such as N = 0. 

Combining these equations results in 

UB ts Wkri "'P* * Kff*** n^) s: 

e-30-.r-^    \uttf,  n) .  Ctf,  n)) 
TT/Fn 

■    ■ 

(-^)k - 1 [Tn - 1: ♦  i) 
 ^ i- ♦  (-ja)" I  (kr)        .     (113) 

(w - k ♦ ±) 0 

nri     (kr) 

It can easily be shorn that 

 2  ' i    6in n A2m^' "J  « 

honcc UB e UB and the relationship of the Pauli series 

to the generalized series is established. 

Relation to Cbcryictt jrrcr 's Anynptot ic firri cs 

Obcrhettinf.er has studied the diffraction of plane 

waves by wedges which have exterior angles greater than 

l80 degrees.  He showed that the total field cm be 

expressed as the sura of four lntef;rols plus a number of 

plane wave terns. The integrals describe the diffracted 

• 

• 
• 

• 

• 
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field «nd   the  plane  v/avc   terno describe   the  incident and 

reflected   fieldo;   ac  in  the  solutions  previoufily described, 

Obcrhcttlnf;cr'c  expression  for G     is 

0p . Kkr,   (TT-  (f«- #•)),  n) *  Khr,   (U+  ((ä-ii,)),  n)  | 

t  Kkr,   (IT-   (j4+(*')),  n)  t Kl'.r,   (TTt  («Wi*1»,  n)  + 

• u(ir-|^j25 • - 2nir|) (n'O 

t/hcrc 

00 

Kkr.«.   „).^-6i„{i]   - 
-jkr cosh x 

.   x 6 cosh — - cos ■ n n 

i dx (115) 

The relation between   this  intocral  and   the  integrale fiven 

in Equations 33 and  3^ will now be established.    Kquations 33 

and 3^ have tl»e   form   . 

I-^kr.p,  ») » J^Jj    ^ cot (J!±^^ c31'r cos z dz    >(aw 

2n 

SDP-+ir 

Ropltcinc s by  to - IT in the intccral  over SDP.^and by 

tO^TT in the  integral over SDP ^yields 

Aa 
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SDP 

The path SDPo is shown in Ficurc 13. The intccrand of 

Equation 117 can be written as the sun of an even and odd 

function ofO.  The intecral of the odd part over SDF 
o 

vanishes,  leaving 

SDP 

+ cot p \o ] 
cos»^ 

dto 

Combining the  terns of the integrand reduces this to 

lxv(kT'^n)-&  \ 
sin n 

SDP 
COS   —  -   COS      ■ n n 

(118) 

•jkr cosw • c ^ d u> 

If SDP    is deforned so as  to be  coincident with  the o 

Iincd~axis,  and  then  is  rotated by 90 degrees,   by  replacing 

U) by  jx, Equation 118 takes  the  form 
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oo 

Gin  —z     e   J 

I    /Ur. f.  •> - llg   \ -—^ OT  dx (119) 
COüb    ~   -    COH         n n 

Rcvcroinf:;  tlic  order of  tlic  ar^u'üent  to ^ + ß nnd 

rcplacinn  thia by  o reducer,  the   Intecml  to  that  u«cd   by 

Oberhcttinccr,   that  ic,   Kquation   115»    The  followinc 

notational  correripor.donce  cxictt;   then  between  the  intecrals 

ueod  5n   this  work and  thoce  uced  by  Oberhettinr;er, 

I^JkTi (#-#•>! n) ■ I(kr, If - C^-^'),  n) (1^0) 

L^Ckr, (^-0'), n) = Khr, If + (^-^'),  n) (l?l) 

I^Ckr, (0+^'), n) = I(kr, Jfm (^♦#«)|  n) (US) 

I^Oir, (^+^'), n) s Kkr, IT + (S5+^,)1  n) (l?3) 

Oberhcttinccr Uüed Watcon's lonrria to derive an atynp- 

totic exprccoion for Equation 115 valid for cases in which ^, 

the anpular coordinate of the field point, does not fall 

near a field boundary.  That expression is civen in Equation 

12^, 

oo 

I«, n)^ - c       •*  >  A^(^$ nX^^'iCm • i) 

m m 0 

.j(kr ♦T) V1  - .Pi 

(kr)2 

ClM) 



with 

V  Pn    * 2Tiy?n 

69 

(1^5) 

Al(«'  n)  = " iife COt  ^ (^ ' i CSc2 ( In )] '"« 

and 

n I 

Jj 1 
on        3n 

rl-Mi^ 

(127) 

This coefficient differc  from the  fern G3vcn  ^y  OberhctU.j'iTer 

by a  factor of one-half.     Oberhettin^cr's coefficient is in 

error.    These coefficients have the same   form as the 

C''(ßl  n)^ derived  in  this work;  in fact, 

O«'n) ■ iibco<P' n) (1.'8) 

V«•n)^?1fe
c^(P• n) 

2    + 
A2(S'n> = ivfcc''(e'n) 

(129) 

(1>0) 
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<«• ä) - i^ cL(f ^ (151) 

Equation  12k is,  of course/ identical to Equation  55•     They 

were   derived  from different   forme of the cane  intecrc..!. 

Kquation  55 was  derived  by  a  direct application  of the  method 

of etcopent descents;  Equation  12'«  was derived  by Watson's 

lemma.     Both equations  fail  on  and near  field boundaries. 

In  order to derive  a more  general asymptotic  form 

for   lQ> i   n),  valid near  field boundaries,   Oberhettinker 

split Kquation  115 into two  parts.     Th*   first  i>ar\;  was 

Äcsociated  with  the diffraction  by a half-plane;   the  second 

described   the  modification  of  this half-plane  diffraction 

term caused by  the   finite  wedge  angle.     The  first  part 

reduces   to  the Fresnel  integral and an  infinite  series  in 

inverse  power of kr.     Oberhcttinger applied Watson's Itaua 

to  the   second integral to   form an  asy.nptotic  series  in 

inverse  powers of kr.     Obcrhettinger's series  is  shown 

in Kquation 152, 
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KS,  n) 

TT 
-jkr cccS   +  j ^ 

e                                            c 

oo 

(2kr)^ sin | 

(152) 

• 

• 

to 

n s 0 

-V>] -in 
(kr) 

where X(Ä)  = A   (f,  2)  + A  (2T-5,   2)  = la m m 

M)" 
1 

2^ + *2' (sin |)2n  +  1 

Although  it is  not mentioned  explicitly by Oborhcttinger, 

if IS^0^   thGn  $ nust  be  replaced  by ^   - 2oCin Equation  132. 

If o ic  replaced by If s; ß this seriec  takes  the  form 



7? 

I(p,   n)/v -  S :P 

If 
jkr cor. p  ■♦  j r 

CO 

\ ^ 

ur- 

(kra)' 

oo 

•|kr - j i 
- c 

n r 0 

-\v] 
(kr) 

1 (13>) 

where 

a  =  1 4  cos •f 
and 

^ ' 

(-1)     cos  ^ 

iffr 13+1 
(13A) 

Substituting Equation  IJl and  13'»  Jnto (133)rerultf5 in 



Kp,  n) 
jkr cocp  «   J J* 

^w   - 
/"•* 

LL'y 
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-J^r - J T \      ICd^jj   fj^f t ■ 

(kr) 
■ ■ 0 

-i (US) 

The correcpor.dcncc between Cbcrh^ttln^cr^. «x^nnslon 

and the centralSr.cJ Pauli  ev^ancion will now be  invecti^cted, 

and it «ill  be chown that  th">   are sitiply different 

arrancenento of the oi«ne eerie«.    Consider a^ain Sauaticns 1$ 

and 101.    These equations are »ritten below in a süchtig 

Modified   forn. 
• 

Vkr^- BW ■ aaKr"i,»ft"p> L ^ • ")(-jo)'4 
i ■ ■ o 

 ± ,    a:j6) 

oo 

•a^ 
■ • 1 k - 1 (kr) 

(« - k 4 i) 



7^ 

Ai3  bcfoj'c,   .'i  =  1  4-  coc.   (-ß+   2MVX)|     but liorc   the  Frotncl 

integral  h*§  been   factored   out   of  the  BMKUltiOA«     The 

cuntjaticn   rraltjply.in^;   this  Ittttgrol can  be written  in 

clof.ed   foni by  setting 

(-öa),n  .   (/^p)?n     % 

uo  that   tlie  runr.atioi:   haa   the   foi*ni 

OP 

V1 

o  u 0 

Thic  if3   juf.t  equal  to  the   even  part of !!(u)   (tee  BquatloM  6^», 

89»   Mi   9^)  evaluatocl  at   u   =N/--JaV .     Thifc  value  of  u 

corrcr.ponciG  to  ■ -   --ß+   ^IITTM  or  to  u>::  - p ♦▼"•  ?nTi*i\ 

(üCC L'quaticn  92)»     The   even  part   of }!(u)   can  be   therefore 

evaluated  an  follows: 

nc(u -yrp) = r     io(u) 
2   COG   -p— 

io(u) + (ä ..TT 
cos T,  

• . sr5n ♦ I* -tr ein — 
2n U)= IT - p + MIM 

(cor. iOCu)   A   ce-;   (-^   PnTT:.')) 
IA(u)       • " 2 COG •— — 

C0G .  
?n 

cm • 2  /?n 
i^^TT-^f 2nirN 

(157) 
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The eccond  tern of thie equation vaniehcs.     Application 

of L'Hor.pital »s rule  to the   first  term yieluü 

H  (u =  ty-ja)  =  -2n em  —~- 

-2n c os 1 ^ - nini I (158) 

Therefore, 

7     h2n^'  »H-j«)"  ^-2n  cos I | - nlm (139) 
m = 0 

Y/hen  this ard  Kquation 78 are  substituted into Equation  1^6 

the first torn in the expression  for I     (hr,/o,   n) 

takes  the  form 

00 

-/Tcos ( r -  rfHil)     jkr cos   (p -  PIOTN)  +   j ji    I 2 

SfTJP 
e  "    dt = 

(kra) 
(1^0) 

c  - ecn  (T±  (p- MT)!)) 

00 

jkr cos  (p- 2ifln:)  +  0 y 

w-- dt 

(kra)' 

 ~. :    
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The   factor Bgn   (tfi   (£*-   SlilfK)) arii-oG here  because 

COG ( ~ .-  n'lU:) 

V^ 
=  1/2I 

The  ninuc  ci^n  applies jf   |ß -  anlTi^TT;   oth.crv.ise  the 

plus Blgn applies. 

The  second  term in Equation  15^»   that  in,  the  double 

eunnation,   can  be  rearran^od. c\nd written as a  series cf 

coefficients  multiplying  terns of the   forn 

»M 

(kr)4 

That iet 

2ra (f,  n) 
l(m  - k  + ^•)(-öa) k -  1 

(kr) 
(rn - k + t) 

m « 1 k =  1 

Rl) •^(f,  n)(-ja) m -  1      P1 + I' 
1 

(kr)F    J~r\ n =  1 
CO 

m = 2 

(kr) 
2. 
2 
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DM ♦ |) 
ÖO 

(kr) 
M + I 

B2m(f%   n)(~ia) ■ - M - 1 

m = M + 1 

oo 

I DP + I ) 

P = 0 (kr) "♦I 
P 

S.CP.  n) V n a**i) 

The  typical   coefficient Sp(@,   n)  can be  cxprcr5Dcd  as a 

finite  sum by making use  of  the series   form of the even 

part  of  H(u)  as  shown here. 
oo 

Sp^,   n)  =   (-ja) -P + 1I    " B2ra(p, nX-j.O" . 
m = P + 1 

•; (-i*ylv + " 

mm 

llle(u ,/^P '3 

P 
(1^2) 

n = 0 

The final sum in thic expression can be simplified using 

Equations 8?, 88, 103, and 10^.  Substitutinc these 

equations into the cum yields, 

. 
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Dl   ■   0 

13L(?' »x-^^ ? t ? t 7,  i 
=  -aC     4   (aC     i   ja Ct)   +   C-jft Ca  +  c'r C. )   + 

%' 

*   (-a^  -   ja  C6) 

2P 2P 

ßincc all but the last torn canecü♦    Bvbotitutlon of fchia 

recult  ^'ind  tlio  oxprüaalon  far the  even  part  of Il(u)  into 

Equation lh?.  produce G 

Sp(^,   n)   .   (-oar(P +   1)   (-2n  COG   (^ ~  nTTll)) ^   oC^((3,   RXIW 

This  cC'Uation  can  now   bo   laaartod   into Equation  1^1 and 

that alonr; with   1^0 and  1^6,     ThcGo   •ttbatlttltiona  yield 

T jkr coo (p- c'nTr:;) + j r 

oo 

t^ar-o-^^^ 

C*  (f,   n)       jP cor;(J- 

i   2/?«»       TT/JT F, i        J 

P   r:    0 (1*5) 



79 

Thie IG just  Obcrhcttinßer's  series as civen  in  Kquat-ion 1^5, 

but here written   for  arbitrary wcc'ßc  an^.lc.     Thus,   the 

Oberhettin^er series  is  sicply  the (jcncraliscd  Pauli 

Bcrics written  in a  different   form. 

Sumr.ry of Eou&tiona 

In tliis chapter, five series expressions for Gp have 

been prcccntcd. The first of these was the cir;enfunction 

series, and the other four were asymptotic series. These 

five expressions are sunnarized below, and their ran^c of 

application is discussed. 

Kicenfunction Scries 

Z< H IT 
£   J   (kr)c    n  ^fcos    -(^-cJ«)     ± cos   • 

B = 0      n 

B (jZJ+9S.)J . (1V6) 

This cquntion is perfectly central and can be cnployed to 

compute Gp for arbitrary wed^e ancles («0, ancles of 

incidence (j^'), ard observation coordinates (r,f^). 

The four asynptotic expressions for Cp all have the 

followin.- basic forn: 

• .. 
Jkr coE (^-^O u(lr_ i^^.j) , 



«0 

+ (pL'uiC' v.'.ivc terna oorrospondliig to roficctod field 

coniponcnU'.) 

The   fir^t   ten:,  in  ihdr  exprecnioM de^erübet-  ihc   incident 

plane   ^/ave   field.     The  eecond   tern contciinr   the  plane   wave 

fields  arislnf;  fron  the   reflection of the  incident   fM-ld 

by   the   facer;  of  the   v.'ec>c,     Thc:;e   fields nrr   deücrilcd  hy 

tcr^ic  of  the   form 

•*» coc (?;1T■ - (^i i-"'')' udr- |tan - (#*4*)|) 
Tho  value  of N and   the  ran^e  of cxictenec  Df  thene 

hi^lier  order corrponenl.'.  arc  nioi.t  ear.51y  deterr.ined   fron 

tlic  r.-plaiu   pole  iiAgrftBWfl     The   unit  ctep  functionr- 

tippcarin^ in  thin oqnatjen der.cribe  the  locations 

of  the   plane  '.vavc   field   boundarjec.     Cn  tho   field 

boundaraee,   the  unit ctep hoc   the  value  one-half. 

The  four  final   terns  in Equation l'i? describe   tho 

diffracted   co.-.pon.ont  of  the   total   field,   and  it  ic   these 

tcrii'.r» which  are  expressed as  at*y:nptotic  ccries.     Kac>i   field 

boundary hac a^^oci eted  vltk  it  one  of  theae   fo\ir  tcr:.-..s. 

The   four asy.'ijttotic   foi;r.s   for  thecc   terrr.r. ore   lifted  below. 

. 
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TJncorrcctcd Ab^mptotic Serien 

I    (kr,   tfifh  n)-- 'l^HlV 

*                                l(n + =r) 
C2n((^^,)'n)   T" (l/,8> 

(kr)        2 

0=0 

co = eot(:i-) J»*»J 

l        n 

• 

This cxprcGcion can be used to compute the four fin:*! terns 

in Equation I'»? so lonj as the valuer, of ^l (/\   and n are 

euch that no polos lie near the caddie points associated 

with the evaluation of these terns.  If the values of 

P« f^'i cn^ n arc euch that a polo lies near the saddle 
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acr.cc.i v! l-; (I with ■ particular I     , Bouation 1^8 ic- not 

valid. 

When l:r ia,  incrcacjc-J,   the  effective  ditftanea  bolv.ecr. 

tlic  poXat «md  r.cddle  points  ia  inertaaod«    Therefore,   for 

given   valuefi of f^, ^,   and   n,   the   validity  of Equation  I'^S 

increaueG with   increacinr, kr.     Stated in physical   terns, 

Kquation  l'i8 ean be   used   to  compute   U\e  diffracted   eODponentS 

Of Gp at  field   points  at   v.h.ich  the   product   of   the   angular 

dictance   fro:a  field   boundaries  and   the  radian  distance   fron 

the    ortex   of  the  vodgfi  is  lar^e, 

Gencralir.ed  Pauli Asymptotic Sorioa 

CO 

I.Jkr,  {ft 4*)* OA. - . 
-J(kr ♦ I')   \       + 

m r 0 

Un - k ♦ |)(~o-)k " 1 

k-1    (kr) 
(ra • k ♦ ») 

4- (-ja)" XAkr) 
1 

(152) 

B-CC^i^O,  n)  • -aC^((^i^'),  n) (153) 
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a = 1 + cos (MM - (^i^1)) (1!>5) 

CO 

Ifkr) . ^.^ 0     Ta1 
e^t2 dt 

'  (kra) 

(156) 

N denotes the s-planc pole nearest the saddle point used in 

the evaluation of I  . Equation 1$?.  can bo uced to evaluate 

the last four terns in Equation lli7  for arbitrary values of 

$% $*  ande<, and, in particular, for values of ^ near the 

boundaries of the plane rcavc fields.  The value of M to be 

used in each tern is most easily detcrinined from a pole 

diagram.  The accuracy of this expression increases with 

increar.inc kr. 



th 

)\\U Ü i   A f.;>•;-. p toil c   8 01 i 0 G 

«X) 

«j.» .o.i 

m = 0 

-   (-oa)"  Io(kr) 

t. k ♦ i; 

k « 1 

•kV- »J * »L^- ^ A2m(p.   .)  . ÄJ y. 

m - h   i   ( 
(kr) 2 

(157) 

The tjqpresslona for ^C.^P» n) avc jivtn ^y Eqimtlcmi !ll>J» 

and  l^'i,   Mid  I   0;r)   iu r5vcn Xj  .1^6. o 

Kqurvij.on  1^7 ru y  bo  Uocd   io  co:r.])ulc   iho   final   t-.-r;.;;*. 

of Equation.  l'»7  in  MtMS  in  v.hic'n a ])o3o   llor.  ncy.v cil'itr 

the tadc'lo  point  at,   I  =Tr or at  I  =  -^Jf* but   not  i.oar both, 

Thie  cqu.'ticn  is a  tun  of  tv.o  ccrico  of  the   for.'  ßi"?:! 

by KquaUon 1^2   for  equal  valuta  of 0 and H   -  0. 
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I    (kr, p, n)^ - ocn (IT 1 p- PnTl!)  • 
ITT        • » 

• 

4kr cos (p- TnlT::) ♦ j ^ 
i 

.oo 

^t2 
dr. 

(km) 
1 
2 

-jCkr 
-  o 

i-J   (kr) 2 
p//nr" 

P . 0 

iP cos  (^ -  nT?0 
09») 

•  «i 1  <t   CO.n  (p- ?niril) 

•  • 

The equciion can be ur>ei to ev^luaie the  I.T l   four  tcrr.o 

in Equation I1*?  for Arbitrary  valucc of (*, f^'  and«i , 

The uccurncy increosco rith  increncinj kr.    Thio fteritn 

is rinjOy a rearrar.f.cront of  the ccnerülized TauM scries« 



cr./.i IV 

HUMKHICAl   KXAnPLES 

SotM  typlcfl}  nuia^rlcj ]   txartiplee ere prssonted  )ic'rc 

to llluetrat« iht lyp« of rosulta »hieb ar« obtainable 

r/ilh 11.i   aquatiom   dovolop« d   Ln  t:.i   previoua chapter« 

BOM   ConcliuJ or r   rcf.-iri-'i ii[,   th<   relative  i:;erit   (>*'   t}jc   crciiu^ry 

Pauli  BaridSi  tba fonerü^/.cd  Pauli Bcrio8| and  the» 

Obcrhc tt in-CT seriaa arc eunnariscd at i^.c vnC- of  thia 

chiij)lcr. 

In c.^c}) cxamplCi  the wedge angloi the an^le of incidence 

tf the plane wave field|  the angle of cbaerration«  and the 

boundary   condition:-,  v.crc   fixed,   and  the   total   field   waa 

caiculiitcd  aa a   function   of  kr.      In  nil  the   cxai.plcn,   the 

calculationi:  were Bade   on   or   near a   field  bound; ry   for 

rclalivoly  aflMll  valvea   of  l;r:   in r.oct   carco,   0<   ):r < 1^. 

It  is  near the  field boundariea and  for r;;n>'.31 valuoa of kr 

that the greateat deviation  between the reaulta given by 

the auyv.pi otic aeriea and t}u' eigenfunction nerioa ic 

expectod.     In the txaaple8|   the aaplitudc and phnce  of 

Gp v.'crc ealcttlated ly soana of the eigenfunction aorieai 

86 
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and thee©  vcluoc were  tnkon  to be  the  reference or true 

ones.     These   calculaticn^ v/ere  performed  on  the 

OSU -  IBM -  709^ dicital  cor.putcr.     In  the  examples 

involving v/cclges with ci creater  than  ISO decrees,   the 

fieldc  were  also calculated by means  of the  ordinary 

Pauli series,   the generalized  Pauli  serief:,   and  the 

Oberhettinccr  scries.     In  the  examples involving wedges 

with *>C less   than  l80 decrees,   the   fields were  calcuü-'ited 

ucinG the  Generalized  Pauli  series  and  the Generalized 

OberhettinGor  series.     The  results  of  these  computations 

arc compared  with  those  Givcn by   the  eiGcnfunction  scries. 

In all  cases,   the values  of Gp have  been divided  by 2  in 

order to brine  them into  correspondence with  the  values 

published  by T.'ait.     •L 

Each  example  ic  preceded  by  a  description  of the 

aceupod  geometry and  brief summary  of  the  results.     The 

T/cdco ancle  and   the angles of  incidence and observation  are 

denoted  on  the  graphs as are  the  boundary conditions.     The 

Neumann boundary  condition  is denoted  by the  acoustically 

equivalent   torn,  "hard," while   tat  Dirichlet condition  is 

described  by   "soft."    The  particular asymptotic  series 

used  in  each  calculation  is also  denoted on  the graphs. 
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The elßenfunction roaultfl arc roproccntcd by a heavy dashed 

line.    The- aeynptotic  eerlea results arc denoted by solid 

or dashed liiu';? or by eireleot    The results obtained usinc 

the  leading tera as well nc higher order teros of the asymp* 

tolilc series ere Illustrated or, the graphs«    Wie results 

given by the  first term of a series arc denoted by (I); 

tho::.e obtained with the  first and second by  (ri);  by the 

fjllfet«   second,  and  third  by  (;;):  etc« 

The results obtained for o    fro« the NXir6t tem*1 of 

Miy of the asysaptotic series include  a}?  the plane vave 

ftotitributions plus the sua of two or four Fresno] integral 

tcrins which describe  the leading terc of the particular 

aoynpioiic series«    The  ordinary Pauli series requires two 

such integralsi while  the other series require  four.    The 

rcr.ultc obtained fron the  "first and second  tenas*' include 

the oontributions listed above plus the r.u.'i of two or four 
> 

tcrnii; given by the second  tcrrr. in the appropriate scries. 

The  uncorrcctcd asymptotic series, Equation  1^3,  was not 

used   in  these   c.'ilciüc t ions. 

K>:nr.:>1o   1 

In this sxaaple a plane wave is assuned to be incident 

on a hard wedge havinc WW exterior angle C< a y^O   .  The 



assumed  an{;lc of incidence  ic JA '  =0  •    The  field  is 

calculated  alone  the  shadow  boundary at   fi =  l80   .     The 

first  tern of the generali'/.ed   Pauli series and  the   first 

tv/o terms  of the ordinary  ?auli  scries describe  this   field 

accurately  for values  of kr as  small as 1,0.     Four   terms 

are required  in  the   Oberhcttinf;cr series  to produce  (;ood 

agreement  with   the  ei(;onfunction  series for } K tat 4 15» 

Bclov/ kr   = 5 even  four  terns  do  not produce  good  acrecrient. 

•        • 
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BxamDlo  2 

A piano wave  field  la aeouocd to h: propt< itinc along 

the ^  ■ 0° face of a 270 degree, h  rd vedge  Ln thla exanpleg 

T)ic shadow boundary  field is calculated«    The  leading U- 

of the generalised  Pauli series produces good acrecisent 

wit.}) the ei^enfunction series over the ran^a of kr examined« 

Tiu- ordinary  Pauli series and the Oberhettinf;      .^ricc, 

require several  terms  to produce good agreement even «'it 

large values of ftr« 

j 
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Ey.anplo 3 

In thic example the exterior wed^c an^le ic accumed to' 

be 190 decrc' | the an^le of incidence 0 dc^recc; and the 

field is calculated on the shadow boundary at loO decrees. 

The Pauli scries fails to yield an accurate value of G 

on the shadow boundary regardless of the number of terms 

used.  Two terms are required in the generalized Pauli scries 

and the Obcrhettincer series to produce cood agreement 

v/ith the values given by the eicenfunction series for 

kr < 5» V«rhen kr is greater than 5 only one term is required 

in the ccneralized ?auli series, but two are required in 

the Oberhettincor scries up to kr = 15« 

J 
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Bxamplo  'i 

The exterior wedjre angle In thin exai.iple la assumed to 

be  iCo dorrri ::.    The  an^lc   of Incidence ±r. 10 degrees«    The 

field .i:; calculated ot  155 deßreoa! aiduay betv/een orie of 

the  facc;3 of the wedge and a reflection boundary«    This is 

the  first example Involving a vedge of an<;,3c  looa than 

iPij degrees«    The field is ealculated using  the  eigenfunction 

eerie:-, generalised Pauli ::oriet;,  and the generalised 

Oborhattinger aeries«     Both hard and coft vredgea are 

txanined«    The generalised  Pauli and the generalised 

Obarhattinger rorios are equally uaeful in this eaae«    Tlio 

ganaralised EViuli la slightly bettor rinco it dasaribea 

tlic anplltude of the  field nore accurately at small values 

of  kr   tlian   t);o  Cbcrho ttin^cr scries docs.     The   phase  of 

Gp is  not  shown  in   this  or   the   following  exaMples. 

IT It can ho shown that if « = ■- , whore M is an integer, 

the diffraction components of Gp vanish and the total field 

is described completely in terns of plane wave conponcnts. 

This corresponds to th-B fact that for these particular 

wedge angles the problem can be analysed in terns of ordinary 

image theory. 

J 
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Eyniitple  2 

The MBtinod wedge angle la loo degrees in thin exaaplei 

tho Angle of incidence is 30 degree8| nnd the field is 

calculatc-d alcn^ tlie reflection boundary at ^ ■ 10 ,  The 

firr.t tern of the genernlised T'auli series aeeurateljf describe 

the   field   for  hr  SS   smsll  M  1  in   the   cc:;e   of  tlie  hr.rd  vedge« 

In tlie esoe of tho coft vedgei  two terns of this series are 

required  to produce good sgreenent oith  the eigenfunetion 

ssries at snail values of kr«    Two terns are required in 

the Oberhettinger series to describe the  field of the hard 

v/edpe.     In  the   car.c   of   the   soft   OSdgOiOne   terfl  suffices 

cxcci>t  at   snail   values  of hr. 
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Kx.v vie   (> 

Tlic  exterior v.i.'d^o .-»njlt-cd  ifl ar.suv.od  to be 70 decrees; 

and   'V.c  an^le   or  ir.cxiU'iicc  10 docrc-oc.     In  Uiirj cxr.^plc,   tltc 

flcl'1   was  CAACuLilod  ot  rfa  CO   ,   ridw.iy  bclv.t on one   face  of 

the  v.'edcc  and   the   re flection boundary at ^ = ^0  .     In  the 

car.c   of the   hard  v.o.i(;c,   two  terrn  arc   required  in   the  gen- 

eral jr.ed  Pauli  cerica  to pr.duce  ^ood a^rneicnt with   U*o 

cic<"5iru.-.ction  MVlM   for kf  ^ 2.1;.     In   the  ca:3'   of  the  r.oft 

ticdcc,   only  one   tern  is  rcr.uircd.     Trie   first  tern of the 

Obcr'.ettinö' r Bcrics deccribes   the   field  of the  soft '..•ed^e 

quite  v.clj.     Thin  ccriee does not  yield  particularly t,ood 

rerxPtc  in   the   case   of   the hard  v.cdce. 

. 
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In  this  final oxomplc,   DJO oxtorlor v.'cdf.o nn(;lc io 

aooumcd  to  bo ^0 dcj-rcco;   the nnclo  of incidence 20 de^rcco; 

nnd  the nnj;!le  of  cbccrvaticn  30 de^rcrc.     In  the case  of the 

hard wedce,   the  vnlucc  for Gp obtained with  the  first  terra 

of  the ccncralised Pauli and C'^erhcttinker ccrleo arc  in 

excellent a/;reer.nnt with  those given by the oi^nfunction 

series.     In   tMa case,   the  diffracted  co-.ponent  of  the   field 

io very  or.nll,  and a   simple  cuperponitlon   of  the  plane  wave 

tcrrcs of  Equation 155  ll cufficient   to deccribe  the   field. 

In  the caoe  of the toft wedce,   the   firot   tern of the ccn- 

erali.:o'l  Tauli serii o  dcr.criber.  the   field   accurately   for 

valuca  of kr greater   than  3«5»     ^or cnallor values of kr 

thi» «erica   failr.     The conerali/ed   Ob»-?rhcttinker corioo 

does not  deccribe  the   field  Ddcquately   for  the  soft v/ed^o 

cnoc over  the  ran^c   tested.     This example  illustrate:*  that 

both  the  ccncraIi'''cd   Pauli and   the  ccneral ir.ed  Cbcrhettinker 

series fail  for  cr.;«ll  values cfoC,  but  that the c*nc''aüzc^ 

Pauli series   fails more gracefully   than does  the ccneralixed 

Obcrhetlinear• 
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1 

• 

Conc)ur.<onr. 

Tho iraporlanl rcoult» of thio work can be eunr.arir.ed 

• O folio..;.: 

a) The lntocr.-il oxprc&oion for the total field produced 

by the diffraction of a pl/mc r/ove by a t«.. «dinonoional 

«edce con be expanded ocynptotically by  voriety of 

technlqucc, but the rcrulllnj cxpannionj can be ohor.n 

to be intinately related.  In particular, the ccneraliv.cd 

Pauli rcricr. and the generalised Obcrhettinker eerico 

•re einply different nrranccncntc of the cane aerieo, 

and the ordinary Pauli ceriec reprcr.cntr. t opccial for« 

of the generolir.cd Pauli rcricr. 

b) Of the asymptotic ccric examined in thin work, the 

eeneralifted Pauli series ia the moot caliafactory for 

eoBputinj; the field near trancition reciono.  The first 

tsro in this series provides an accurate description 

of the amplitude and phase ol the field over a «ride 

range of values of «t and kr.  It is particular.; 

superior to the Oberhettingcr series in caces involving 

«redces having aR^lec quite different fron IPO decrees. 

e) The ordinary Pauli series is superior to the Oberhettinker 

Dories for colculntin^ the ficldw diffracted by «redoes 
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hnvinc  Inrf.o  exterior dn^lr«,  while  the Obcrhcttinker 

uorJc.'.  in superior  to the ordin.u-y   Pauli r.crioü  for 

cnaen involving W*4$ß9 with exterior nnclco ir.   the 

neir.MorhooJ  of and  3ecn   than  iftO dw^rcef.. 



CHAPTER V 

ÜIFKRACTION COEFFICIBRI 

In this chapter the leading terras of the asymptotic expansions 

given in the suramnry of equations, pp. 79-85, aro used to determine 

the diffraction coefficient for the wcdße.  In terms of the geometrical 

theory of diffraction the diffracted electric field for plane and 

cylindrical waves normally incident on the wedge is given hy 

EV,^) - E1 • [ZZ •.#,#) -W n. (v^.^)] £-—-     .     (159) 

—1 
where E    is  the electric field incident  on  the edge, 

2    is a unit vector parallel  to  the edge, 

D  ,D.   are  the scalar diffraction coefficients for the s* h 

Dirichlet  (soft)  and Neumann   (hard) boundary 

conditions, respectively, 

#,4*  and r arc defined in Figure 2. 

In the discussion  to follow E    and  fL  correspond  to the soft  and 

hard diffracted components, respectively, of C     in Equation 1A7, pro- 

vided that  E    and E^,,   respectively, equal  one.    At  this point it is 

convenient  to introduce  the definitions 

-4 
„.(^M.S——      8<n n/"       .       . (160) 

n flflk 1 0 - V 
cos — - cos " 

n n 

i 
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d  (0+0') -    C ,_ cot[  2^ )      » a61) 
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where«  the superscript + is directly aosocinted with  the first + 

sign   in  the nrgument of the cotnnj'.cnt, 

+ 
Flkr a"  (^j;^1)] 

^ikr a1  (^ r)  c.Jkr *'***>] -ir2 

c   U    d<    (162) 

in which 

a"(0+<5')  =  1  + cor,(2nn?r -   (ij;^)), (163) 

+ 
where    N     is  the  integer which most nearly satisfies  the equation 

+ 
-   (^ + <V)  + Itnlf - +7T . (164) 

The  superscript ♦ is directly  associatfd with  the + sign  preceding  the 

TT.    The positive brandies of  the square roots are  taken  in EquatiOM 

160  through 162. 
+ 

The magnitude and phase of  F(kra ) are plotted  in Figure 48, 
+ + 

where  it   is seen that as kra     Increases,   (Kl "^ 1.     For kra" > 10, 

F Si« 

From the preceding discussion .ind  the  loading  term  in the Generalized 

Pauli   asymptotic series,  Equation   1!J3,  the sc: diffraction coefficients 

D     (C«,^) 
I 

(d",'(^-^)F[kra+(^^)l+d"(0-/')Flkra"(C-;')]j 

^d+(^+r)F(kra+(^^)l  + d'^ + ^^Ffkra'Cf f^') ]j (165) 
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In which the upper sign between the two bracketed terms is associated 

with  the soft   (s)  boundary condition and  the  lower sign, with the hard   (h) 

boundary condition.    At points well removed  from the transition regions 

adjacent  to incident and   reflected   field shadow boundaries referred  to 

as field boundaries earlier, where   kra     > 10, the correction  factors 
« 

F may be replaced by unity,  and Equation 165 simplifies to 

D (*>)  - D'(M') | •*#•'#)• (166) 
n 

which  is  the well-known form of the wedge diffraction coefficient given 

by Keller.3 

Next,  using  the leading term in the Pauli asymptotic series, 

Equation 157,   the scalar diffraction coefficient 

D (*.♦')  - 
R 

D'CM1)   FlkraCM')] +D,(^+^)   F[kra(^+^)1; (167) 
+ 

In the Pauli solution N    is zero so that 

+ 
a'(^+^)  - a«^') - 1 + cos((j>+f). (168) 

Outside of the transition regions, where kra >  10, the correction 

factors may be replaced by unity and Equation 167 simplifies to 

Equation 166. 

Finally using the leading term in the generalized Oberhettinger 

series. Equation 158, the scalar diffraction coefficients 

D (0,*') 

-n 
p*u^% *mrtt\{i~ti~mlK\u— (i-FtkaV^)]] 

aJ/Tka^M') 
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-4 

2J7Tka■*(0-0,) 

-Ä 
Tt^#f#) ♦nagr fttfham ^)f 1 ji-maV/')]} 

-I 
^   ' ;   i-r[ka C^+f )J , (169) 

+ + 
where N is dcterninfd from Kquatlon 164 and a (y+f) fron nquaLion ]63. 

+ 
Outside of the transition regions, where kra >   10, Llie correction 

factors again may be replaced by unity and it is seen that Equation 169 

sinplifies to Equation 166, 

Three expressions have been given for the scalar diffraction coeffi- 

cients. Equations 165, 167, and 169. Unlike the earlier expression given 

3 
by KeJler these are not restricted to the region outside the transition 

regions. It is natural to ask which is the most useful in the transition 

regions, in terms of its accuracy and simplicity.  It is evident that 

Equation 169 is the most complicated representation of the diffraction 

coefficient, whereas Equation 167 is the most simple. On the Other 

hand, a study of the examples in Chapter IV reveals that the most 

accurate results (assuming only the leading term is retained in each 

asymptotic series) are obtained with the Generalized Pauli series. 

A computer subroutine has been written for the diffraction coefficient 

described by Equation 165, and it has been used in a number of wedge 

.122,123,124,125 diffraction problems with good  accuracy,   provided 



136 

r > 0.2 wavelength.  It Is definitely more accurate than the expression 

for the diffraction coefficient given in Equation 167. However, a 

computer subroutine is not essential to the use of the diffraction 

coefficients based on the Generalized Tauli series, since the cor- 

rections in the transition regions can be easily made using Figure A8. 

The dyadic diffraction coefficient 

D(M') - zz DgC^') - HvM9) 

In Equation 159  can be applied to three-dimensional problems provided 

that the incident field at the point of diffraction is normal to the 

edge.    Furthermore,  it is applicable to cases where either the source 

point or the field point is close to the edge.    This will be described 

126 in a later report        where the Generalized Pauli solution has been 

extended  to obtain a dyadic diffraction coefficient for waves obliquely 

incident on a perfectly-conducting wedge.    This dyadic diffraction coeffi- 

cient can be used in the transition regions for plane, cylindrical or 

spherical wave illumination of the edge. 

Fig.   A8.    The magnitude and phase of the correction factor 
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